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Analyticity for One-Dimensional Systems with
Long-Range Superstable Interactions

M. Campanino,'? D. Capocaccia,'* and E. Olivieri'*
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We consider unbounded spin systems and classical continuous particle systems
in one dimension. We assume that the interaction is described by a superstable
two-body potential with a decay at large distances at least as r ~%(Inr)~ 2+,
€ > 0. We prove the analyticity of the free energy and of the correlations as
functions of the interaction parameters. This is done by wusing a “renor-
malization group technique” to transform the original model into another,
physically equivalent, model which is in the high-temperature (small-coupling)
region.

KEY WORDS: One-dimensional Gibbs systems, transfer matrix, Markov
chains, renormalization group, decimation procedure, ciuster expansion.

INTRODUCTION

For one-dimensional lattice spin models and systems of classical particles
on a line, it is expected that the free energy and the correlation functions
are analytic functions of the interaction parameters, if the potential decays
fast enough with the distance."”” A number of papers have been devoted to
this subject*”” and the analyticity has been proven for a large class of
models. This class however does not include certain interesting cases, such
as unbounded spin systems, or systems of particles without hard core, with
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a two-body interaction decaying asymptotically with the distance r as
rmC+9 > 05

In this paper we are able to deal with such systems. We assume that
the Hamiltonian satisfies the conditions that are needed for the validity of
the well-known superstability estimates on the correlation functions.(>'9
The proof of the analyticity of the free energy for a one-dimensional lattice
gas interacting via long-range many-body potential was given in Ref. 7.
Here we extend the result to systems of unbounded spins and classical
particles without hard core, when the potential decays at large distances at
least as fast as r~*(Inr)"2*< and a superstability condition on the interac-
tion is assumed.

In Ref. 7 and in the present paper a renormalization group technique
is used. The lattice is partitioned into blocks, and a suitable decimation
procedure is performed over the block variables. It is then shown that, in
the resulting block system, blocks are in fact weakly interacting, so that a
standard way to prove the analyticity of the free energy applies. The system
is transformed into a so-called polymer model, whose properties are then
investigated by means of a cluster expansion.'">! As a consequence of the
weak coupling of a block system, the corresponding polymer model is in
fact a gas with low activity. In Ref. 7 the boundedness of the interaction
energy among two semiinfinite subsystems is exploited to show that blocks
are weakly coupled. We remark that this requirement is a common feature
of most of the previous papers on this subject. For unbounded spin systems
and systems of particles without hard core this condition is not satisfied, as
the interaction energy among two half-lines can be arbitrarily large if the
spin values, or the density of particles, are large enough. Therefore the
weak coupling among blocks can be expected to hold only in a subset of
the set of block configurations. We use the superstability estimates to
overcome the difficulties arising from this fact. We show that block
configurations giving rise to large interaction energy contribute in a negligi-
ble way to the free energy.

In carrying out our argument we prove a theorem on the exponential
approach to equilibrium for Markov chains satisfying a weaker hypothesis
than the Doeblin condition. We think that this theorem has some interest
on its own and could be applicable in other situations.

In the following section we describe our models, state the main results,
and give a heuristic sketch of the proofs, underlining the main technical
difficulties. A rigorous formulation of the ideas of Section 1 together with

5 Note: It is known'® that, also for the compact spin case, the free energy can be not analytic
if the interaction decays only as »~2, but analyticity is expected to hold for interactions
decaying faster.



Analyticity for One-Dimensional Systems 439

detailed proofs are given in Sections 2 and 3. In the concluding remarks we
discuss some possible extensions of our results.

1. SECTION 1

To each site of a one-dimensional lattice Z we associate a spin variable
taking values in a topological space %, e.g., on the real line.

A spin configuration in a region A C Z is a function s,: A—> X", Its
value at x € Z will be denoted by s,. For any nonoverlapping regions
A,A, CZ, AN A, = ¢, we shall denote by s, V s, the spin configuration
in 4, UA,:

54,V Sala, = Sa,s 54,V oSala, = Sa,
1

The energy of a configuration in A C Z will be a function from X¥* to R
of the form

Hy(sy) = xé:A(p(sx) + ) %Afu—ﬂ(sx .5, (1.1

x<y

where ¢ and J,, r € Z", are real-valued continuous functions on %, x2,
respectively. The free measure v is a positive measure on X, not identically
zero. We shall use the notation »,(ds,) = [],ca?(ds,), |A|=48(A) for
A C Z. The following two cases will be considered:

1.1. Lattice Spin Models

In this case X = R, » is a measure such that
fv(ds)e—“2< w0, if a>0 (12)

and the one- and two-body interactions ¢, J, are continuous functions. We
shall assume the following.

(1) There exists a positive, nondecreasing real function F on Z* such
‘that®

(8,5 < Isl|s']/[ PIn(r + 1) F(r) ]
> [rF(n] <o

ref*

(1.3)

¢ Note: We might as well assume the more general condition
(s, < (sl |s'] + K)/L2n(r + DF()]

for some positive constant X. All our arguments apply to this case.
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(ii) There exists 4 > 0, 8§ € R such that, if A is any finite subset of Z,
Hy(sy) > > (Als* = 8) (1.4)

xEA

We shall refer to (1.4) as to the superstability condition.

1.2. Systems of Classical Particles

In this case ¥ = [ J*_o%,, where, given a positive p,, X, describes the
configuration in which the interval [0, py] is empty and X, = [0, po]" is the
set of configurations with » particles in the interval [0, po]. We define |s| = n
if the spin variable s € X,,. A sequence s® in ¥ is said to converge to s €%
if there is k, such that for k > ky, [s| = |s| and the sequence s, k > kq,
converges to s in the usual topology of X

v is the measure » = @2 v, where ry(X,) =1 and nl!y, is the Le-
besgue measure on X,.

The one- and two-body interaction are of the form

#(s) = pls] + élvus,-—z,-n

"
o (1.5)
Tosi($:5) = 3 3 ol =1+ (x = »)eol)
i=1 j=
if s,]s1#0, s=&, ..., &) =11 -5 M) @(8) = J(s,5) = J,(5',5)

=0 if |s| = 0 where p €R, z = e* is the fugacity and v is a real, continuous
function on R.

We shall assume the following.

(i) |o(r)| is bounded by a nonincreasing #(r) such that

fooﬁ(r)rln(r + )dr< oo (1.6)
0
We remark that, by choosing

F(r)y= {rzln(r + l)ﬁ[po(r - 1)] } !

condition (1.3) is satisfied.

(ii) the superstability condition (1.4) is satisfied.

We shall consider the following set of complex perturbations of the
Hamiltonian:

d
VA(w,sA)=2wi S s)+ 2 Gy (5x8,) (1.7)
i=1 xEA x, pEA

x<y
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where w, € C, ¥/, G/ are real-valued measurable functions on ¥,%? such
that

@) |G/ (s,5) < Isl|s'l/[ Pln(r + 1)F(r)] (1.8)

where F is a real function, nondecreasing, and

S [FF(n] <o

rez”
(ii) there exist A >0, § €R such that, if w = max,;Jo;, ACZ
|V a(e0,54)] < @ ZA (Als.]>+ ) (1.9)
xE

The partition function with empty boundary conditions corresponding
to the complex Hamiltonian H ,(w, -) = H,(-) + V,(e, -) is then defined as

Zy(e) = f vy (dsy)exp| — Hy(w,54) ] (1.10)
The main result of this paper can now be stated as follows:

Theorem 1.1. Let Z,(w) be defined as in (1.10) and assume that
(1.2), (1.3), (1.4), or (1.6), (1.4) be satisfied. Then there exists a sphere
S € C4 centered at the origin, such that

F (@) =A1i;nzln[zA(w)]/|A| (L.11)

exists and is a holomorphic function of @ on Z.

We describe now the spin block model. Let L, n, p be positive integers,
L odd. A  is the interval of Z, centered at the origin, that.contains
|Ap| =(2p + 1)L + 2pnL points. Consider the decomposition of A, into
consecutive blocks:

A,=A_,UB ,UA ,,,U---UB_UAUBU - UB, U4,

where [4,| = L and |B;| = nL. We shall also consider the decomposition of
B, into n consecutive blocks of length L:

n
B, = kU1 By, lBi,kI =L

In the following, in order to simplify the notation, we shall denote the
spin block configurations s, 55,55 by a;, B;, B;. respectively.

Given L, we decompose the interaction into a short-range term and a
tail, that will be dealt with as a perturbation:

J(8,8) = J (s, 8) + T8, 8) (1.12)

where J<t'=J,1<r< L,J<t=0,r> L for the (a) model and, for the
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(b) model:
n m
Tbies) =3 ZosHE—n+(x-ped] (113
i=1 j=
where, given 0 < € < p,, 0<% is a continuous function v<*(r) = a(r)o(r),

with0< o< l,o(r)=1for0<r<L-—¢o(r)=0forr> L.
The short-range term in the Hamiltonian will be denoted by

(SA)_ 2 q)(s)c)+ 2 Jlx yl Sx » y) (1'14)

x<y

For technical reasons we shall put a cutoff on the spin values in the
block model. Let N be a posmve number. We shall denote by X_ the set
X y={s€ZX:|s| <N}, by x" its characteristic function and, for any
AcCz

X2 (s2) = HAxN(sx), INCINEEINCINY NIy
X €&
We define the “transfer matrix” Ty, (s,s") for 5,5 € (X < N)L by

Ty (s:8"y=exp| —h.(s)/2— W, (s,5) = b (s)/2]  (L.15)

where
h(s) = HiTh(s) w16
Wi(s,s') = i JZ_ ‘]11—1 £i(5::%7)
and its iterates by
T (s,87) = f pM(dsYVTE L (5,5 Ty (5755 (1.17)
where ;" = ») ;;. It follows from the previous definitions that
Ty, (5,5) = Ty L (RS, Rs) (1.18)

where the reversed configuration Rs is defined by (Rs), = s, _; for (a)
models and (Rs), = p, — s, _; for (b) models, where p, is the vector with
s, components all equal to p,. We denote by Ty ; the operator on the
Banach space € ((X_y)"):

(Ty Lu)(s) =fv£v(ds’)TN,L(s,s’)u(s’) (1.19)

The following properties, which will be used in Sections 2 and 3, are proven
in Appendix A.
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P.1. Ty, has an eigenvalue A, ; > 0, that exceeds in modulus all the
other points in the spectrum, and corresponding unique left and right
eigenvectors dy ;, Oy, ;.- Oy () = vy . (Rs), vy (5) > 0.

We shall always assume the normalization

[l (ds) b (5)ow(5) = 1 (120)

P.2. There exists L, such that for L > L, A, =lim,_ Ay, exists,
and it satisfies A, < (C)%, where C is a constant.

P.3. Superstability estimates. Let p be a measure on Ecn
lutely continuous with respect to v[’}’,ku with density given by

Cdu d(sY Ty (s, s .. Ty (S*D, 55 (s

(Stikny) =
[LkL) Z
dV[] kL] Aﬁ,Ll

YL abso-

(1.21)

where s = s il @ € (Bypsexp(—h /N2, u € (v,
exp(—h, /DA "'/}, There exist Ny, Lo, A*,8* such that, if N > N,, L
> Ly, A C[1,kL]:

d
f”[l\l],kL]\A(ds[l,kL]\A) d_}\;/u__ (s[l,kL])/nU‘((x<N)kL)

VrikL)
< exp{ -> (A*]SX|2 — 8*)] (1.22)
xEA

We are now able to describe the strategy of the proof of the theorem.
Given L,n, p, N the partition function of the block model in the volume
Ap’ with empty boundary conditions, can be written in the form

ZAP!N(w)=fv,’§(dsAp)exp[ h(a_,)/2— h(a )/2}

p—1
X H TNL(az’ 1’a1+1)exp[Ww(SA )] (123)
i=-p

where

n—1

TN,L(ai » Bisyy) = TN,L (o, IBi,l)kHI TN,L(B[,k > IBi,u+l)TN,L(18i,n 14 1)

so that the complex interactions and the interactions due to the tail of the
potential only appear in W*.
Let now .°{; be the subset of the configurations

S = (s €X 5| < Mi(i),i=1,..., L} (1.24)
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where /(i) = {min[ln(; + 1),In(L — i + 2)]}'/%. For any fixed M, it follows
from (1.3), (1.6), (1.8) that all the terms contributing to W‘*’(sAP) can be
made arbitrarily small if w i1s small, L big enough, provided that all the
block configurations are in /% . In the following sections it will be shown,
using the superstability estimates, that most of the statistical weight is in
fact on the configurations in ./, so that the block model, with partition
function (1.23), can be dealt with as a perturbation of a block model in
which the only interacting blocks are the nearest neighbors. If we perform
then the “decimation procedure” (average over the B block configurations),
we reduce the partition function of this latter model to the form

Zayo = [ (dss,)exo(H5H(51,)

P p—1
=f . IT »l(@)exp[ —h(a_,)/2 - h(ay)/2] A [T 782 (e 000)

i=—p i=—p
(1.25)

This model, however, is still nontrivial. We must show that distinct 4
blocks are weakly coupled, in order to perform a cluster expansion. We
shall prove the following estimate:

| T30 (5:5")/ [ on,2 (8) B (SR L] = 1] < exp(e, M — ne‘EzMz)
it ssesL (126)

that gives the weak coupling for r big enough. The estimate will be
obtained by computing the rate of exponential approach to equilibrium of
a Markov chain with state space (X ), endowed with the measure »;",
transition kernel:

Poo= Ty, (55050 (5)/ [ B0 (5 An ] (1.27)

and unique equilibrium measure (see P.1) vy, 6y .7/ . We remark that we
shall need estimates that are independent of the spin cutoff N and of the
block size L, so that this computation is not trivial. In fact, as far as we
know, there are no results in the literature allowing to prove that, in our
case, the rate of exponential approach to equilibrium has a positive,
uniform lower bound. We remark that, for example, Doeblin condition'?
is not uniformly satisfied under our hypotheses.

2. SECTION 2

In this section we shall prove an estimate on the approach to the
equilibrium of the iterates of the transfer operator. Throughout this section
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we shall keep the values of N and L fixed and we shall use the following
abbreviated notation:

T*(s,8)=Tx, (5:5) k>1

v(s) = vy . (5), B(s) = By (5), A=Ay,

(2.1
h(s) = h,(s), W(s,s"y= W,(s,5)

Fu =Ll p(ds) = v[¥(ds)
Our main result is the following theorem:

Theorem 2.1. There exist positive integers N,, L, and positive con-
stants ¢; and ¢, such that for N > Ny, L > L,, and M > 1,

| T"(s,5")/[A"0(s)B(s") ] — 1] < exp(&;M?* — ne‘EzMz) Vs,s' € Sy
22)

The crucial point in (2.2) is the independence of the right-hand side from N
and L. Estimates depending on these parameters are quite easy to obtain.

Our method is based on the introduction of a suitable Markov chain
and on the study of its approach to the equilibrium.

First we need an estimate on v and &. The probability measures
proportional to exp[— A(s)/2]o(s)o(ds) and v(s)5(s)p(ds) are, respectively,
the restrictions to the zeroth L block of the semiinfinite and infinite Gibbs
measures corresponding to the potential truncated at distance L (see
Appendix A). In the case of one-dimensional compact spin systems with
interaction decaying sufficiently fast it is well known (see, e.g., Refs. 16 or
17) that these two measures are mutually absolutely continuous with
Radon—Nykodim derivative bounded by a constant. The following proposi-
tion is an extension of this result to the unbounded spin case.

Proposition 2.2. There exist positive constants ¢, and ¢, such that
for N> Ny, L > Ly, and M > 1:

ciole M < o(s)A'2/exp| —h(s5)/2] < ¢jpe™’ (2.3)

for every s € /), , where the positive constants N, and L, are introduced
in Appendix A. The same estimate is of course true for 6(s).

Proof. Let us consider a probability measure p on x* satisfying
superstability estimates with constants 4* and 8*. From the definition



446 Campanino, Capocaccia, and Olivier

(1.24) we have that for M large enough
L
p(ENS ) < 21 p({s s > Mi(i)})

<2 ciexp[ —A*n(i + M?2/2 + 8] < ce” M (2.4)

i=1

where ¢,, ¢,, and ¢, are positive constants depending only on 4* and &*.
Let now s € /), and let us denote by ¥, the characteristic function of the
interval [0,r]. We have, for 4 large enough:

f w (ds')exp| — W(s,s")]

= 2 fu(ds') exp[ - W(s,s’)} H X0M[]n(i+1)]'/2(lsi/|)
i ieA

Ac[lL L

X H (1= X&M[ln(j+1)]l/2('sj{|))
jell, Lha

<3 Hexp{kz;lof(i+k)[ln(i+1)1n(k+2)}1/262M2}

Ac[1,L]i€A

* J 2 (@)
jell, LiaYIsi > 8M [+ ] /

XCXP{ S f(j + k)M In(K +2)]"*|si| — 4*s* + 3*}
k>0

< exp{ 20 (i + j)8M?[In(i + 2)ln(j + 2)}‘/2}

Jj>0

X fI>Io{1 + c4exp[ — A*9*MIn(i + 1)}}

< cseoM’ (2.5)

where f(r) = [FIn(r + )F(r)]~' [see (1.3)].
¢4, €5, and cg, as well as all the constants ¢; of this section, are positive
constants independent of N and L, for N > Ny and L > L,.
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Now we shall give an estimate on the eigenvectors. From (1.23), (2.4)
and (2.5) we get for 5,5’ € Sy, N > Ny, L > L,.

o(s)exp[ h(s)/2]/ {o(s)exp[ h(s')/2])
= [p(dryexp[ = W(s,1) = h(1)/2]o(1)
+{ [o(dnexp[ = w(s'.0 = h(1)/2]o()}
>eile™ [ p(di)

X exp[ — W(s,f) — h(t)/2]v(t)/{fp(dt)exp[ ~h(1)/2]o(1)}

—_ — 2 _ 2
> c5lem M (1-ce CJM)

X exp( — > f(i +j)[In(i + 2)ln(j + 2)]1/2M2)
i>0
720
> ¢y le M’ (2.6)
If M is large enough, independently of N and L, it follows from
superstability estimates and from the estimate given by (2.4) that
. 3 -
(i) 2 <f o (ds)B(s)o(s)
g @7)
.. 1 N o~ ny —1 .
— < Y
(i1) > f/MX‘/Mp (ds)p (ds’)B(s)o(s" A

X exp| —h(s)/2— W(s,s') = h(s')/2] <1
On the other hand, it follows from (2.6) that there exists a constant E
such that for s € ./,
Ec; le M A~ 2exp[ —h(s)/2] < v(s) < Ec,e™A~ 2exp| — h(s)/2]
(2.8)
By inserting the above inequalities in (2.71) and by using (2.7ii), we get

E < (2c5e*M i 2)1/2
(2.9)

2 _4 _ 2 241/2
E}[(%) c; 26 2c8Me c.;M]

where ¢g = 3,50, ;50 f(i + DlInG + 2)In(j + 2)]'/? and by inserting (2.9) in
(2.8) we finally get (2.3).
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From now on we shall study the properties of approach to the
equilibrium of the Markov chain introduced in Section 1.

Proposition 2.3. There exists a positive constant ¢, such that for
N > N,, L > Ly, M > 1, every positive integer n and every 5,5 € Sy

P2/ o(s')B(s") < e uM’ (2.10)
where P" is the nth iterate of the stochastic kernel (1.27).

Proof. We have
Pl.Jo(sNB(s") = T"(5,5") /N0 (s5)0(s")

< clzoezc”szp(dt)p(dt’))f"“exp[ —W(s,1) — h(t)/2]
X T"~Y(t,t"Yexp| —h(t')/2 = W(1,s')]

= 2’ f p(dt)p(di’yexp[ — W(s, 1) — h(1)/2]
X T"~X(t,t'Yexp[ —h(t')/2 = W(1.s")]
+fp(dt)p(dt') exp[ —h(1)/2] T" (1, t'yexp[ — k(1) /2]
Xfp(dt)p(dt') exp[ —h(1)/2] T"~¥(t,1')exp] — k(1) /2]
+fp(dt)p(dt')5(t)T"_2(t, Yo(1)

< cfoezc“Mzcge2”6M22f/M y /Mp (dt)p (dt")
X exp[ = h(1)/2]T"~2(t,')exp[ = h(t))/2]
+ ALM L (AN (d)E(0) T (1,1 )o(1')

sup exp ~ h(1)/2] /N o(0)|

2 2
< 2C1203201'M cgezc(,M {
=

2 2 2
< 2cheten Moot oM (2.11)

where we have used the result and the method of proof of Proposition 2.2
[see Eq. (2.5)] and superstability estimates for the probability measure
proportional to p(df)p(dr’exp[— h(2)/2 — h(t)/2T"%(t,0).

The following is an adaptation to our problem of methods used to get
estimates on the rate of approach to the equilibrium of Markov chains from
the knowledge of the distribution of the return time of a single state (see,
for instance, Ref. 18). The idea consists in embedding our Markov chain in
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another one with larger state space, where an auxiliary single state has been
inserted.

Given M sufficiently large, we introduce two stochastic kernels A
and B;,, where s ranges over (X_,)" endowed with the measure p and s
over (%< ~)F U (e} (where e is an auxiliary state) endowed with the mea-
sure p, which is equal to p when restricted to (X ,)" and such that
p({e}) = 1. The kernels 4 ; and B; are defined by

Ag; =P, — ( inf P ; )X/M(S)X/M(SA)’ SEE "
1€y

= ds’){ inf P,
As,e fp( A} ) ( téI‘I/)M 1,8 )X/M (S)
Bf,s = 8§,s » fe (X<N)L

Bg,s=( 1nf P, )X/M(s)/fp(a’s ( inf P,S)

where §;  is defined accordmg to the standard convention:
fp (ds)8; .f(s) = f(§),  for any function f
It is immediate to check that
Ps,s’ = fﬁ (th) AS,tABtA,s’ (2 13)

We define an nonhomogeneous Markov chain with time 7 ranging over 17
and state space [(X y)",p] for integral times and [(X_,)" U {e},p] for
half-integral times. The transition probabilities from the time ¢ to the time
t+ 5 are given by the kernel A ; if ¢ is an integer and by B, if 7 is a
half-integer. It follows from (2.13) that the restriction of this Markov chain
to integral times is defined by the kernel P, with invariant measure
B(s)v(s)p(ds). We shall denote by P the stationary measure (with respect to
integral shifts) on the space of sequences (s;);(1/2z- P induces on s; with
integral i the measure §(s,)v(s;)p(ds).

Now we want to evaluate the probability of large return times to the
state e. In order to get the factorization result given by Theorem 2.1, we
shall make use of the following:

(2.12)

Proposition 2.4. There exist positive constants ¢ g, ¢,y such that for
any N > Ny, L> Ly, M > 1 and for any s,5' € /)y,

eP/./ P\, < exp(cgM? — ne’C”Mz) (2.14)
where
ePlo=P(s1p7ei=0,...,n—15,=5]s,=5) (2.15)
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Proof. Let us assume that n is odd, n =2m + 1 in order to fix the
notation. For 5, ..., s,, € (X_,)" we define
2m—1

Y(Sys o Spn) = Xp| —h(5,) /2~ h(s,,)/2] H1 T,.. (216

=

Given 1 < i, < --- <i, < m~—1 we have
P((SZI-I,SZI-I+1)$/MX/M,l=1,...,k|S0=S,Sn=S/)
fp(ds)) . ..p(dss) exp[ —W(s,81) — W(s3,,5)

_ X Hl’;‘[l = X, (20X, (S2041) J¥(S15 - - -5 Sam)
Jp(ds)) ... p(dsy,)exp[ — W(5,5)) = W(S30,8) [¥(515 -+ s 520)

fp(ds)) - .. p(dsy,)exp| — W(s,5)) = W(s3,,5")]
X HI;=1[1 ~ X, (Szi,)XpM(Szi,H)}‘P(sla Ces Som)

Jo(dsy) ... p(dsy)Y(Sts s Sa)
» Jo(ds)) ... p(dsp, ) (5155 Sap)
Jp(ds)) ... p(dsy,) exp| = W(s,5,) = W(Spn>8) [W(515 - - s Som)
< (202e‘C3M2)kc§e“"M2/(%6_2“9’"2) < et ke’ (2.17)

where we have assumed M large enough (this assumption can of course be
removed in the final estimate) and we have used the fact that the probabil-

ity measure proportional to (s, . . ., 5,,.)0(ds)) . . . p(ds,,,) satisfies the
superstability estimates like in the proof of (2.4) and (2.5) in Proposi-

tion 2.2.
Let us fix a constant a, 0 < a < 1/2. By using (2.17) we get for
5,8 € Ly

P <I<m—=1,(59:8i41) €M X P | > an|sg=s,5,=5)
2 m m 2
< ec,3M k—z[ (k)e—kcl4M
=lan]
< oM (lanl/Dewht’(] 4 e_(l/z)’-‘MMz)m
< eCsMgmrneiM’ (2.18)

for M large enough.
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Now we bound from below the probability
P(Si+1/2 =el|s; =358, = 3/)
with 5 and s’ € ;. We have for 5,5' € S, :
P(si+l/2 = eIS[ =585 = S,)
se es/ = lnf PtS/
inf,E/Mexp[ h(t)/2 - W(t,s)~ h(s )/2]o(0)” 'o(s)
B exp[~h(s)/2— W(s,s)—h(s)/ﬂo(s) v(s)
> cppleAeste M (2.19)
Let us define the events E, E€ by
E={,,zEZj¢{1<l<n (3217521+1)55/MX/M} %}
(2.20)

E° is the complementary event of E.
We have for s and s' € /), :

eP./ P
=P(Si+l/2$&e,i=0,...,

< P(E|sy=s,5,=5)

n—1|sg=s,5,=5)

+P(s1p7ei=0,...,n—1|sy=15,5,=5,E)

n/4-3/2
< emsMZe—nc;ﬁMz +ii1 _ ll’lf P(Sz+1/2 e|30 t,5,= t)]
res,
2 wn/4—3/2
< eclsMe—ncmMz + (01—026-2(5‘9+511)M) / / (221)
where we used estimates (2.18) and (2.19). The result follows from (2.21)

Proof of Theorem 1. Let us introduce the following notation:

P( +1/2—6’|S1/2—‘—’)

elle, = P(sipip7ei=1....n+ L s, ,=e|ls=e) (222)

T, = P(s1,=¢€)= (kzl kere)

-1
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We have
eH';e=f ds)p(ds’)B,,eP" A, ,
s DB P () BesePy Ay,
= ds)p(ds') B, (eP '/ P/ \PL A,
Lo o) p(d) Be(ePi ! Pi P A
< sup (ePlT'/PITY) < r::xp[c,gM2 —(n— 1)e-019M2] (2.23)
5,8 ES y ’ ’

by Proposition 2.4.
On the other hand, by simple arguments similar to those used in the
proofs of the above propositions we get

elll, > 3¢~ 2nMg—esM (2.24)
so that by applying the result of Appendix B, we have for N > Ny, L > L,
and M large enough
ITL;, — 7| < exp(cy oM~ ne“‘l'Mz) (2.25)
where ¢, and ¢,; are suitable positive constants.
Let s € /), . We have by the same argument used to prove (2.23):
P(sipip#ei=1...,n—15,.,,=e|s=y5)
< exp(cgM? — ne““’Mz) (2.26)

Therefore we get for s € /)y,

n—1

(P"A), —m,= (eP"™A)_+ 3 (eP™A) (I —m)—m, 3 (eP'A),
’ ’ r=0 ’ r=n ’

n~1
< exp(c18M2 - ne_CIQMZ) + 3 exp(clgMz _ re—cwMz)
r=0

X exp[c20M2 —(n— r)e'cz'Mz}
o0
+ > exp(clgM2 - re‘c'gMz)
r=n

< exp(cpM? ~ ne‘cBMz) (227

where we have used the fact that

[e

> (eP4), =1

r=0
which is true since the state e is recurrent.
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For s € /), we have from Proposition 2.3 and Proposition 2.4
(B, P" )e,x/v(s)ﬁ(s)
=P(spipFei=1 ..., ns,,.,=s|s,=e)/v(s)B(s)
= f p(ds') B, .eP?, [ v(s)i(s)
M
= f/ p(ds') B, (ePl,/PE) P,/ v(5)8(5)]
M
< exp(c;gM? ~ ne‘”””"’Z)ec'z’”2 (2.28)
We remark that
7, >, (BP") = 0(8)B(9) (2.29)
r=0
Indeed for any measurable set F C (X _y)":
fp(ds)v[ (B.P"), }

= P(sq € F, 5;,1/, = eforsome i <0)= P(sy € F)

[eo]

By the previous estimates we get for 5,5' € /), :
|T"(s,5")/A"0(5)B(s") — 1]
=[P/ o(s)8(s) — 1]

n—1

= |eP;./o(s)D(s") + 2 (B.P" 7Y _[(PA),, — 7]/ o(s)B(s")

— «;Terzn (B, P’ )es,/v(s’)ﬁ(s’)

_ 2 2
< exp(cgM? — ne” M )M
n—1

+ 2 exp[clgM —(n—r— ])e‘cl"M } e 12 exp(czzM - re‘”BMz)

r=0

[ee)
+ > exp(clgM2 — re‘”"””z)eclzl"’2
r=n

<exp(&,M? — ne‘EzMz) [ ] (2.30)
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3. SECTION 3

In this section we shall perform a polymer expansion of the complex
partition function (1.23). This expansion will allow us to express the
pressure as a convergent series of analytic functions and to prove then
Theorem 1.1.

Using the definitions of Section 1 and following notation,

()
We B, (%> Biraiyy)

HA UBUAH(‘OO‘ VB Vo) — UBUA+|(a VB Vo)
- (1 - i,—p)[HA,(w’ai) - HAfL(“f)]/z - (1 - 6i+l,p)
X |:HA,-+|("°’ ) HA,<+I,‘(“:'+1)}/2 (3.1)

WRA(SarSa) = Hyua(e, 55 V s5) — Hy(@,5,) = Hy(3,5,)
forevery A,ACZ, ANA=0

(1.23) can be rewritten in the form

ZAP’N(w)=fvﬁ:(dsAp)exp[ hy(a_,)/2 = hy(a )/2}

p—1 p—1
X H Ty (o, Biaigy) H exP[ W;‘:,B,,A,+,(ai’Bi7ai+l):l

i=—p i=—p
P=2 p
x 1 1I exp[Wz,Aj(ai,aj)]
i=—pj=i+2
p p-1
x IT I (V= 8,)(1 = 81))exp[ Wi g (2> By) ]
i=—pj=-p
p—2 |
< TI I e[ Wy (AB)]
i=—pj=i+l

Given p, we define 5], as the family of the sets C of the following
types:

C={Ai,A.} -p<ij<p, jFEI—Lii+1
={4,,B;}, —p<i<p, —-p<j<p—1, j#FEii-1
C= {B,,j} ~p<ij< p—1, JER]

and &, as the family of the sets C of the form
C={A4,,B,,4,,} with —p<i<p-1

For any T C 4, U#, we put #([) = {i: B, € JcerC) and (1) =
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{(=p,...,p—1INZT). The partition function can then be expressed as
Zyn(w)= red u7 f”A \Urescents (854 AU ceB)

Xexp[ hi(a_,)/2— h(a )/2]
X I Twr(e, Biroisy) H‘Pc(sc)

i€ B(T)
x I T;il(aj’aj+l) (3.2)
JEB(D)
where
exp| WE’Aj(ai,aj)] -1 if C={4,,4;}
ool Lt )] T Tf SRS EE)
exp[ Wis, (8o B)] - 1 it C=(B.5)
exp[ W,:,B,.,Aiﬂ(ai’ i’ai+1)] -1, if ={4;,B;,4;,}
respectively.

Using the notation of Section 1 for the largest eigenvalue Ay ; and the
corresponding left and right eigenvectors &, and vy, of the transfer
operator Ty ,, we can make a further expansion of the partition function:

_ 2 1 t
ZAP,N (w) = >‘1[V,pL(n+ Y+ 2 2 f”l\ \UiesmnB; ( AU E/Y(I‘)B)
Tcgue,icumT)ycl

x {exp[ —hy(a_,)/2 = hy(a)/2] /Ay }

x I [ Ty (%, ,’0‘,+1)/}‘n+rl
i€A(T)

X CI_EII‘(pC(SC) H {[ T}Cf(“i ,a,.H)/?\,CI‘}

ieB (NI

X [ 1= Xor (0)Xar (%i41) | }

x [1 ({Tzczl(“z,“1+1)/[>‘n+IUNL(“)UNL(“;H)] - 1}

ieY

XX ()X (¢ 1))

- X HI [ ow,z (@) By, (@i 1)Xnr (2)Xar (@41) ] 34
ie
where x,, is the characteristic function of the set /% .
Now, following Refs. 11 and 7 and related references quoted in Ref. 7,
we want to express the partition function (and the correlation functions) of
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our spin system in terms of those of a polymer gas, i.e., a gas composed of
infinitely many species of molecules interacting only via hard core exclu-
sion. Our goal will be then to show that the polymer gas is in the “small
activity region” for an appropriate choice of the integers M, L, and »n and
for w small enough. This will imply, by means of standard methods, that
the free energy (and the correlation functions) can be expressed as a
convergent series of local quantities and have the desired analyticity
properties.

From now on, we shall often omit the indices L, N, in order to simplify
the notation.

We denote by &, the family of the sets {4;,4,,,} with —p <i<
p— LI CEY,, and C={4,,4,,,}, we define

‘Pcl (Sc) =1- XM(“;')XM (241) (3 5
‘Pcz(sc) = { Tz’\;}:l(ai ) ai+l)/[}‘1</'110(ai)6(ai+ 1)] - 1}XM (@)X (@i41)
Given C € ¢, U &, U &, we define the support of C, denoted by C as
c=U4aUB U 4
A,CC BCC i:BjorB_,cC

Let us consider a quadruple R =(T,,T,,I';,T,) with T, C¢,, T,
c#,,T;UT,C¥,. We call R admissible if the following conditions are
satisfied:

H r;sniy=0

(2) if Be |J C then (4,,4,,,)&T,UT,
celur,

Let now C, and C, belong to Ui_T;. We say that C, and C, are
connected if C1 N C #@. An admlsmble R a,,1,, 05,1 1s called a

polymer if for C and C’ € | J4_ T, there exists a sequence C.j= ., k,
such that G e Ui T, C,=C, C.=C, G and C are connected for
1<j< 1

Let R =(T,,T,,T;,T,) be a polymer and let I(R) be the set of those
indices i such that either B; € Ucer,ur,C or {4,441} €T3 and J(R)
={i: 4, € Ucer,urA:}- We define the support of R by

R= |J (AUBUA4,) U 4 (3.6)
‘ ieI(R) JEJ(R)

For every polymer R the support R can then be decomposed as a

union of disjoint intervals:

R= UG,, where G,= A4, or

=1 (3.7
Gi=Al,-UB1,-UAl,+1U..-UB1i+m,UAli+m,-+|’ iy 0

Y
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We define a measure ps on the configurations in R as up (dsg) =
1 kg, (dsG) where p} denotes the probability measure on the configura-
tlons n G absolutely continuous with respect to »J, with density given by

dpl () (ey)

. = T , if G=4,
(3.8)
dp§ _ d(a)T(eys Brooyr) - T(ims Brams Qs ) sm=1(% s ms 1)
vl A"HOAG)
if G=A,UB,UA,+1U U B A
where &, = Oxy, —p+1< <P H=0Xy, —p< <Sp-lid_,=u,

= exp(— hL/2)/}\l/2, and /VG is the normahzatlon We put /VR =
H,=1J/G,  if R = UiZ.G

Due to P.3 of Section 1, the correlation functions of the measures Y
satisfy superstability estimates:

rvR\A(dsR\A) N(dsR) < exp| — EE:A(A*|SX|2—8*) (3.9)

for every L > Ly, N > Ny, R,AC R.
We associate to a polymer R its complex valued activity {"(R)
defined as

Ry = [k @) T e I w2 #is) (10

One can easily verify that the partition function can be expressed in
the following way:

ZA,,,N () = >\2P("+””[vexp(—h/2), XM>\~1/2]2(05, XM)2P_1
X by I18(R) 3.1

n>1 Ry,..., R, i=1
RCA RﬂR Dirj

where (-, -) denotes the scalar product in LY[(X_ )", ;] and
fN(R) ={"(R ),MR/{(Dg,XM)n(i i€ (= pphA,CR)
X [vexp(— h/z),XM)\—x/z}ﬁ(i :A,cR)n(_,,,p)}

(3.12)
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The term within square brackets in Eq. (3.11) can be interpreted as the
partition function of a polymer system with hard core interaction and
activity {". Note that {" is, in general, no translationally invariant.
However, {¥(R)= {"(R’) if R’ is obtained from R by a translation of a
multiple of (n + 1)L and both R and R’ do not intersect 4 _, U 4,,.

In the sequel we shall estimate {“(R) and, consequently, {Y(R)
uniformly in N and obtain a uniform estimate of the complex free energy
by means of a cluster expansion. The result is contained in the following
lemma:

Lemma 3.1. For any given n, M large enough, we can choose
Ly(n,M), w\(L,n, M) such that if L > Ly(n, M), @ < &(L,n, M) for every
polymer R(T'|,T,,T5,T,), every N > N:

IKM(R)| < I 2.(M,n, L,w) (3.13)

CE&TUT,UTUT,

where, for C € €,
g.(Mon, L,w) = max{ 12M%%(1 + wd)in(nL + 1)/ [ r.E (r = L)],

6C exp| — A—*—len(r +1) }
L8 ¢
where r. is the number of blocks of the type A and B between V and V" if
C={V,V'} and C is a fixed constant, whereas

£.(M,n, L)

= max{ 100M ’In(nL + 1)n + wLA | + 100nLw$,

1
In(L + 1)F(L)

6Eexp(— @-Mz) exp[ale — nexp( - @MZ)” (3.14)

force?,Ud,. B
Ci, C2 are defmed in Section 2. F(r) = min[F(r), F(r)].

Proof. We start from the expression (3.10) and, first of all, we esti-
mate the factors g2, C €T, using Theorem 2.1:

|97 4, (%> 0 1)| < exp(Cy M2 — ne*@MZ) (3.15)
From (3.15) we get
IEV(R)| < exp[(txr4)(é‘,M2 - ne‘ézMz)]

Xf“'y(dsﬁ)c [I I‘Pc(sc)l H Il (s)l (3.16)

T ur uecly
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Now we bound the moduli of the factors appearing in (3.16) in terms of the
values of the spins of the corresponding blocks.
fCel,uh,uly

I‘PC(SC)l < Z Pc(sy) (3-17)
Vec
where
ln[l + (‘pc(sy)]

= > IsnL(1 + wd)/d(V,V'YIn[d(V, V") + 1 F[d(V, V"]

xe€V

for CeT,, C={V,V"}
In[1+Fc(s)] =4 3 [sl{[(L~ Din(L + HF(L)]" +20d | +20nld
xeV

for C €T, where d(V, V") is the distance between the blocks ¥ and V",
F(r) min[ F(r), F(r)] [see (1.3) and (1.8)].

We have used [e"— 1] < ell—1, VrEC, |xy] < (x2+ y)/2, Vx, y
ER, [e** — 1| < |e¥ — 1|+ [e¥ = 1], x,y > 0.

For C €T3, gcsy) = 1 = xu(sy).

Now we insert the estimates given in (3.17) in the integral on the
right-hand side of (3.16) and expand the products, getting a sum of
factorized terms. We call &, the set of the maps D:T, UT,UT,
> (Uf-_,4) U (UF- _,B) such that D(C) € C. We get

fu;?’(dsze) IT lec(se)l H lqoc(sc)l

cerun,

DE fP'R (dSR) H ¢C(SD(C)) = 2 fR,D (318)

CeTl,UL,uT; DE Dg

Now we want to estimate a single term .7 ;, appearing on the
rlght-hand side of (3.18). We define a function r on €, U2, U, by
=1for C €%, UF,, ro = #{blocks of type 4 and B lylng between |24
andV}lfC—-{V V’}Eé
Given a polymer R=(,1,T3Ty) Ve€Ucerurur,C and D
€ Dg,letr] .. be the district values, in increasing order assumed by
the function r on D ](V) [we shall put k,, = 0 if D ~'(V) = @]. Notice that
v <HD (V).
Let M(r)= M[rin(r + 1)]'/? and, for x € V, I(x) = {In[d(x,Z\V) +
11}"/2. We set, for 0 < j < k,,

gty = {1 I < M1 (3.19)

0, otherwise
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and
Xvolsy) =0, Xv g, +1(Sy) = 1

Finally,
Xvj(Sv) =Xy, (Sv) = Xv - 1(5p)s 1<j<k, +1 (3.20)

We have S%ct'x, = 1.
Now we denote by 7  p the set of the maps F:cer,ur,ur,C 2L,
such that 1 < F(V) < k;, + 1. We have

T R =f F’-zjzv (dsg) H Pc(Spccy)

CE&erul,uT,

kp+1
=fﬂ1§ (dsz) I1 I1 [@:(SV) j; )—CVJ(SV)}

VeUcerununl cebdY(¥)
f T (dsg) H [XV,F( n(Sv) H $C(SV):)
VelUcer,urur,C ceDb (V)

= > Twor (3:21)

FEFrp

FE'/RD

We shall estimate the quantities 7 g p » in the following way. The
contributions coming from “large-distance bonds” C € ¢, will be esti-
mated with the upper bound on the moduli of the spins, implied by the
presence of the functions X’s, if this upper bound is sufficiently small. The
contributions to the integral of the remaining factors will be evaluated by
using the lower bounds on the moduli of the spins also implicit in the
functions X’s and the fact that high values of the spins are depressed by the
superstable measure .

Thus we separate into two parts the product [] ¢ ¢ p-1(Pc(sy) which

appears in (3.21) and, using Xy, r(vy = Xv, vy (! — Xp vy —1)> Write

Xven(sy) 11 @c(sy)
ceb ()

= | Xv.ran(Sy) H Pc(Sy)
ceDd vy
re > rI‘EEV)

ceD- Iy
re<rivy

X {[1 b V)fl(SV):l H ¢C(5V)} (3.22)
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Let us consider the first of the two factors appearing on the right-hand
side of (3.22). If in this factora C € D ~{(V) N &, appears, then necessar-
ily ’1~£EV) =rc=1and xy gy (5)Pc(s) = Xar (51 = X (sy)] = 0. In the
case there is no such C we have

Xy, r( n(sv) H Pc(Sy)
ceD~ V)
re 2 riy)

< 1

cep-\(Nne,

exp[Mzrcln(rC + Dln(aL + 1)n’L?

v
rC>rF(V)

reLYn(r L + WE(r L
(C C C

1
(L — Din(L + HF(L)

x I

exp[4M21n(nL + l)nL[
cen~\(Mns,

v
re > recvy

+20A4 | + 8wnL5} -1

(3.23)

For every M, n, we can choose L so large and w so small that we can
bound the right-hand side of (3.23) by using the inequality |e!*! — 1| < 2| x|
which is certainly true for |x| < 1 and get

Xy, ;v (Sy) H Pc(Sy)
ceb (V)
rc > "f!{y)

< I [2M%n*(1 + wd)In(nL + 1) /rcF(rcL)]
cenp (Mng,
rc>fp[?y)
X 11 {16M21n(nL + )n +wld

1
cen-inne, In(L + 1)E(L)

14
re 2 recry

+ 16wnLs } (3.24)
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Now we consider the second factor on the right-hand side of (3.22).
We have

H Pc(sy)
ceDp~ (V)
rc<r}fy)

< II Pc(5v)
cep'(MN(4,UE,)
rC<r[!{y)

< exp{ §V|sx|2nL(1 + ale)él [(rLYIn(rL + l)F(rl)]_l}

x exp(16 St [s.P((LIn(L + DF(L)™" +d) + 16wnL5)

xXeV
= exp({/(n, w, L) > |s, )P+ 16wnL(§> (3.25)
eV
where

$(mw L) = n(1+ wd) 2 [PLin(rL + 1)F(r1)]

1
Lin(L + 1)F(L)

+ 16{ + WT} (3.26)

We note that, given n, $(n,w, L) < O(LIn LF(L)]™") + O(|w}).

In the following formulas we shall omit the dependence of ¥ on n, «,
and L and we shall assume that n, L, and w« are chosen in such a way that
§ < A*/3.

We put € = [4v (ds)exp(—A*s*/3 + 8*) and, for every real M, we
shall denote by X, the characteristic function of the interval [0, M],
X}EI =1-Ru-

Using (3.25) and superstability estimates we get

fl‘]}ev(dsﬁ) H [1 — Xv,K V)—I(SV):I H Pc(sv)

VeUcerur,urC cebp~(v)
D~ Y(V)+0O re<riv
Ny 16vnL5 e Flsef?
<fuR (dsg) (e Z XM(rF';,,)A,)I(x)(isxi)e
VecerururC xeV

DN {C i re<rkn}=9

xS 3 (Hawshe™ T Ridshe™)

AcV\{x}\yeA zEVNAU {x})



Analyticity for One-Dimensional Systems 463

< II e
VelUcerurunC
D‘I(V)ﬂ{C : rC<r,.£fV)}¢0

X X (eYAMZ'A'(f v(ds)e<7‘—A*)is|2+6*)|V|_'AI_l)
ACT\({x) |s]> M

16wnLd

16wnL§( v (dS) e(?‘A*)ISIZ'fG*)

x€ V'f|;|>M(’}EV)—!)I(x)

< 11 e
VelUcerurunC
DNMIN(C :re<rfy)) =0

% { D f V(ds)e‘(z/”"*“'z”*
x & Vsl > M(r¥ vy - )I(x)

X {ewz + v(ds)e“<2/3)A*|s22+6*]'V'
|s|>M
< II e!6n 3¢ 3 exp[ - i{iMz(rFle)_l)lz(x)]
VelUcer,urur,C xeV 3

DIINN{C re<rfin) #0
. A . L
X (eTM 4 Cem AT /HMY (3.27)

It follows that

fli/zv (dsg) I1 [1 ~ Xv./( V)—I(SV)] 11 Pc(sv)

VelUcerurur,C cep~l(v)
D~ Y(V)=0 re <rkvy
< 11 {exp(l6wnL5)éexp[——(A*/l2)M2(rF’fV)_l)}
VelUcerurur,C

DN INYN(C s re<rfy,} =@

o0
x( S ,—(A*/6>M2)(e<w2> 4 ée—<A*/3)M2)"L}

r=1

< 11 C'(M,n,L,w)exp[—(A*/12)M2(r;;,,)_1)]
VelUcerununC
DI WYN{C s re<riin)+9

(3.28)

where it is clear that for every M and n, we can find L so large and w so
small that C'(M,n, L,w) is less than some fixed constant C.
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We observe now that for every block V there are at most four elements
C’s of 6, U#, U, such that V' € C and rc =1, whereas for r> 1
there are at most two C’s belonging to 4, U 4, U ¥, such that V € C
and ro=r (in fact in this case they belong to t, ) Then, if M(r)=
M(In(r + 1))/,

1 ~2 _ 1 ~
4 2 M (rc)'“z 2 M(re)

CeEDWMIN{C 1 re<rkn} CEDWMN{C i re<riy—1}
M*(rgyy_1)
It follows for L,w: C'(M,n,L,w) < C:
f‘u,R{V(dSé) H [1 - XV,F(V)AI(SV)] H Pc(sy)

VelUcerurur,C ceDp-\(v)
D\ (=0 ’C<r}~!;V)
o * o~
< 1 Il Cexp[—A—Mz(rc)} (3.29)
VelUcerunurn,C CEEUEUY, 48

D~ Y(V)+@ CaV,re<rivy-

By inserting in the decomposition (3.22) the estimates (3.24) and (3.29)
we get for every D € 9, and every F € F g p:

Z RD.F =f#fzv (dsg) IT Xven(sy) I @c(sy)

VelUcerururC eD (V)

< I & (3.30)
CeTUTL,UTy

where if C Eﬁp U fpz

fo= max{ 16M?In(nL + )n + wLA | + 16nLw§,

In(L + 1)F(L)

Ee-w*/“wz} (3.31)
and, if C € ﬁp ;

fo= max{2M2n2(1 + od)ln(nL + 1)/ roE(reL),

Eexp[ - —AEMZIn(rC + 1)}}
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We can now bound 7 z, using combinatorial estimates of the cardi-
nalities of Z and &  p, . We have

yR=2 2 7R,D,F

Degr FeEFpp

< X I [eo+1] I &

DeggpVelUcerururnC CENMUTI,UT,

<3S T [@yn(2)

WD) 3
) (28¢)
DeZrVelUcerurur,C CET UT,UT;

The last inequality comes from the fact fhat VD € 9y
> ky(D) < 4T VI, UTy)
VelUcer,urur,C
Since (k + 1)(1)* < 1, Yk > 0 and $ P, < 3#TVU1VUD) we have
T g < II 62 (3.32)
CET|UT,UT;

and the thesis of the lemma follows from (3.16), (3.32).

We can now easily obtain estimates on {" from those on {" given in
Lemma 2.1. Choosing M such that (2.7), (A8) hold we have for every
N>Nyy L>L, M>M

2 < (08, x37) < (08, xy) <1

<[vexp(h/2),xsA ™' ?] < N (3.33)
N g N2

For every polymer R we have that

It

_—

3

|R| < 3#TVTUHUTY (3.34)

where |R| denotes the number of blocks of type 4 or B contained in R.
Using (3.33), (3.36) and Lemma 3.1 we obtain immediately for every
polymer R = (I',,T,,I5,T), 1/2< o <1anygivenn, N > Ny, M > M:

S (R)] < o' II g (3-35)

CceluTr2ur,uTy

where g = 224744, if we choose L,w ™! big enough.

We have obtained estimates on the activities of the polymers which are
independent of N. This allows us to remove the cutoff N.

Let, for L > Ly, Ay =limy , Ay, (see p. 2 of Section 1). Without
worrying about the uniqueness of the limits, which would be, however, not
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difficult to obtain, we can find a subsequence N, such that

3 < ,IE?O (L0, s Xar) = (00, Xpr) < 1
34771 < lim [0 yexp(—hL/2) xuhw 1 *] (3.36)
i—o0
<A =[vexp(~h /2), xuh ]

where the notation (03, x,,) and [vexp(— h; /2), x, A, /] is just formal and
is used to remind us where these terms come from. Similarly we can assume
that for the same subsequence N,,

. ZN, oz
lim £%(R) = £(R)
for every A, and for every polymer R in A,. We can also assume that if R
is such that RN {A4_, U 4,} =@ {(R) does not depend on p and {(R’)
={(R) if also R"N{4_,U A} =0, and R is obtained from R by a
translation of an integer multiple of (n + 1)L.
The {’s of course satisfy the estimate (3.35). The former remarks

permit us to express the complex valued partition function in the volume A,
as

Zy (@)= A}I_I,I},o Zy n(@)

= AP D [ exp(— by /2), xaah 2] (05, xpg )P

k
|1+ 3 IER) (337)
k>1 R, ..., R, i=1
RiCA,
RNR=0,i+]

The first equality in (3.37) follows from the Lebesgue theorem, the last one
is obtained from (3.11) by letting N tend to infinity through the sequence
of N,.

The proof of the analyticity follows now straightforwardly from the
decomposition (3.37) and the estimates of the activities of the polymers
given in (3.35), by the method of the cluster expansion, that is based on the
following lemma:

Lemma 3.2. Let

RCA, ROR=0,i%]
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and

K= Z 8t 4g(A0,A,}
Ce6,UZ,

C2 A4

For any given o, 1/2 < 6 < 1 n, L, w, can be chosen in such a way that, for
every w < wy,

(i) epr<l/[\/E(2——\/E)] (3.39)
and, uniformly in p, if |{(R)| < 0IR|HCEI‘.UI‘2UI‘3UI‘4gC

(ii) sup > K@)

VE({dn —p<i<p}U{B, —p<i<p-1} R: VCRCA,

oK[l — (X =1)/(1 + o%* - 2oeK)] = G(K,0) (3.40)

k
@) 3% lerReo ROTTER)

> Ry, ..., R
R;= R for some i

< E(R)exp[G(K,JE)[R@/{l ~\/(;exp[G(K,\/;)}} (3.41)
where

q')T(Rl s hees Rk) = F 2 (_ l)ﬁ(edges in g}

and Z, (R, . .., R,) is the set of all connected subgraphs of the graph with
vertices {1, .. ., k} and edges (i, /) corresponding to those pairs R,, R; such
that R N Rj sﬁ @ and the sum is set to be equal to 0 if &, is empty, and to 1
ifk=1;

k
(iv) E,(w)=exp 2 2 <pT(R1,...,Rk)1;Il§_(R,.) (342

.....

Proof. 1In Ref. 7 (see Lemma 1) it is proven that (i) implies (ii), (iii),
(iv). (1)) 1s a straightforward consequence of the definition of g.. Indeed,
for given 1/2 < 0 <1, we can choose M sufficiently large, then A(M),
L(n,M),&(n,M,L) such that by choosing n>7, L>L(n,M), w<
w(n,M, L), K can be made arbitrarily small. B

We can now prove Theorem 1.1.
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Proof of Theorem 1.1. Using (3.37) and (3.42) if M,n, L, w are such
that (3.39) holds we get

InZy (¢)=[2p(n+ 1)+ 1]InA +21In[ vexp(—/2), xpA ~'/?]
+ (2p — Din(v8, x))

k
+3 0> (pT(Rl,...,Rk)IJlsC(R,-) (3.43)

k>1Ry,. ..,

We note that the first three terms on the right-hand side of (3.43) do
not depend on w and, divided by |A |, converge to a limit as p tends to
infinity. So we need only to consider the last term on the right-hand side of
(3.43).

We shall denote by {(R) the activity of R computed in a volume A, so
large that RN {A_,U4,} =@ Itis clear that ¢(R) does not depend on J2
and is invariant under translatlons of multiples of (n + 1)L.

Given p, let us denote by A the set A \{4_, U 4,}. We can decom-
pose the last term on the right-hand side of (3.43) in the following way:

k
> <pT(R1,...,Rk)I=Ilf(R,.)

K>1R,, ..., ’
Rica,
k -~
=> > or(R .., R)[ISR)
K>1R,,..., R, i=1
RcA,
k -
+ 2 > or(Ris - ROTIS(R) (344)
k31 Rivin, Ry i=1

ELRN(A_,Ud,) =0

It follows from Lemma 3.1, that, choosing M, n, L, w, such that K is
sufficiently small, for every w < w, we have:

expK < 1 /[aeG(K"G)(Z— oeG“"“‘?))] (3.45)
and then, if V € {4;,, —p < p}U{B,, <i<p-1j
> or(Ry, - - Rk)Hif(R)
k>l Ry,..., Ry i=1
UL RNV =0
< 3 lf(R)[exp[G(K,JE)|R|]/{1—Jo’exp[G(K,JE)}}
R:RNV=Q

< G(K,0e%5®) /{1 o exp| G(Ko) |} (3.46)
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Of course (3.46) is still true if we replace { with { for every A,

Using (3.46), we see then that the second term on the right-hand side
of (3.44) does not contribute to the pressure. Exploiting then the transla-
tional invariance of §{ we get

InZ, («)
lim ———
p—roo |AP[

A, In(vd, X,y ) L
L n+1

k ~
+ 1 D #r(Rys o RO TTE(R) (34)

n+1 5, Ris. ., Ry
Usa1 RN (AU Bo} ~@
UA (R ClL—1)/2 + 0]

It follows then from (3.47) that the pressure is an analytic function of
w, for w < w,, as uniformly convergent series of analytic functions.

We have taken the limit on the particular sequence {A,} just for the
sake of simplicity, and the same result is true for an arbitrary increasing
sequence of intervals tending to Z.

4. CONCLUDING REMARKS

We discuss here some possible extensions of our results.

(1) Correlation functions. The analyticity of the correlation functions
in terms of the interaction parameters can be proven starting from the
cluster expansion of the partition function. Indeed it is easily seen that we
do not need the translational invariance of the complex perturbations, but
just some uniform bounds of their strength, like those given in (1.8), (1.9),
in order to express the complex partition function as an exponential of a
convergent series of local quantities. Then, since the correlation functions
can be seen as ratios between partition functions with locally perturbed
Hamiltonians, it is clear that we can prove uniform estimates for these
quantities by using the polymer representation. These estimates are still
valid in the thermodynamical limit and the analyticity follows. Clustering
properties of the correlation functions are also easy to obtain.

(2) Boundary conditions. In the previous sections only the case of
empty boundary conditions was considered. Our proof, however, applies
with minor changes to boundary conditions such that the values of the
“spins” in the conditioning configurations do not increase “too fast” with
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the distance from A,. Here “not too fast” depends on the rate of decay of
the interactions.

(3) Unigueness. Our results imply uniqueness of the Gibbs measures
for a much larger class of potential than those considered in Ref. 6. There
the author considered continuous systems of particles on the line interact-
ing either via positive potential with a more than exponential decay or via
superstable finite-range potentials.

(4) Many-body potentials. Many-body potentials with an exponential
decay in the number of interacting particles or spins can also be treated
along the same lines of Ref. 7.

(5) Divergent potentials. In the case of particles we can consider
superstable potentials positively diverging at short distances and complex
perturbations exhibiting at most the same divergence, by proving, for
example, the analyticity in the temperature. Here we need some more
probability estimates in order to control the collapses of particles.

(6) Many-dimensional systems in strips. It is clear that our methods
apply also to the case of many-dimensional systems of particles or un-
bounded spins confined in strips of the type [~ a,a]’ ! X R or [~ a,a]’ ™!
X Z. Indeed these systems can be reduced to strictly one-dimensional
systems by taking a suitable state space and our results apply also to this
state space.

APPENDIX A

In this Appendix we shall prove P.1, P.2, and P.3 of Section 1.
In force of the hypotheses on the potential, the operator Ty, is
compact and it is strongly positive in the following sense: Given the cone

K={ue4((*cn)") u(s) >0}
and, calling K its interior

K°={uec¢(Eon)"), u(s)>0)
then

Ty, (K\{0})C K°

P.1 follows then from a theorem by Krein and Rutman (Ref. 13, p. 267,
Theorem 6.3) and from the symmetry property (1.18). In order to prove P.2
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and P.3, we remark that, as a consequence of P.1,
kli)n:o T Lexp(—h,/2) /NS = {fvév (ds) exp[ —hL(s)/Z}iSN,L(s)}DN,L

kll)n:c exp(—h, /)Ty /As L = {fv,fv (ds) exp[ - hL(s)/2]vN’,_(s)}6N’L
(A)

where the limit is intended in the topology of the uniform convergence.
It follows from (A1) that

Avg = kli_)n;o {fv,fv (dsyexp| — R, (5)/2]Tk . (5,5")
1/k
X exp| —hL(s’)/Z]v,fv(ds’)}
— lim (F. . \L/AI-D) )
Jim (Za,) (A2)
For N, < N,, ZA,,Nl < Z~A,,.Nz; hence, for every L, the sequence A, is not

decreasing in N. From the superstability hypotheses (1.4) and from (1.3) it
follows that there exists L, such that for L > L, and any A C Z:

Hit(sn) > 3 (41~ 3) (A3)

xEA

Then for any L > Ly and any N >0

Zaw = [74, (don e[ = His (3] < { [r(@syexe| (4157~ ) }W

(A4)
This proves that, for L > Ly, A; =lim, , Ay, exists and satisfies

}\L<{fv(ds)exp[——(%bf—b‘)”L (AS)

Let now the correlation functions of the block model with only
nearest-neighbor block interaction be defined as

Pa,n(Sa) = fV/]x\L\A(dSAP\A) CXP[ - HA<,,L(SA,,)}/Z~AP,N (A6)

Following the proofs of Proposition 2.7 of Ref. 9 and Theorem 2.2 of Ref.
10, it is easy to check that there exist N,, 4* and 8* such that, for every
N >Ny, L> Ly, A, pwith ACA,,

PA,,,N(SA) < exp[ — %A(A*|sx|2 _ 8*)] (A7)

P.3 is then a straightforward consequence of (Al) and (A7).
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We also remark that it follows from P.3 and Proposition 2.2 that one
can choose M such that

w(E<m)™) < sup [u(s)/0(s)] sup

[d(s)/8(s)]
Sl (dsyd ()T (s,8")u(s)w} (ds”)
Tol (ds) d(s)xzz (5) TR L' (5,8 u(s Yxaz (') v} (d5")
<(3Y (A8)
where .4~ does not depend on N, L, and k.

APPENDIX B
In this Appendix we prove the following:
Proposition B.1. Let M > 1 and let the sequence (a,);~,; satisfy

(1) a. >0
(i) a, > e WM
[=e]
(i) S a =1
k=1
iv a, < exp(d,M?*— ke M’
& 2

where d,,d,,d, are strictly positive constants.
Let the constant o and the sequence (b;)~ o be defined by

o= > ka, (BI)
k=1

1 )
= > bst  for |s|<1 (B2)
k=0

(1 - > aksk)

k=1
Then there exist d{,d; > 0, depending only on d,, d, and d;, such that
b, — of < exp(djM? — ke %) (B3)

It is clear by simple probabilistic considerations and by (2.23), (2.24)
that we can apply Proposition B.1 with appropriate constants d,, d,, and d;
by taking a, = ell%,, b, =11¥, and o = 7.

ee?

Proof. Let us define ®(s) as

P(s)=1- > as* (B3S)
k=1
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we have (1) =0, &' (1) = —S¢_,ka, = —o~'. &(s)”" has a pole of order
lins=1.

We have Res,_,®(s) ' =@ (1)~ = —o.
Now let us define
F(s)=o(s)/(s— 1) = kzocks" (B6)
We have
k )
a-—(1-Za)-- % a
=1 I=k+1
and, from (iv),
ick| < ae—ﬁ(k+l)/(1 _ e—B) (B7)
where o = %M’ B = ¢=4M’_ Therefore, for |s| < ef

|F'()| =| D kees®| < alsle 2P (1 - e*ﬁ)d(l - |s|e_’3)_2 (B8)
k=1
Let 5 = re® with r < min(e#/%2)

F(1)+ ij(;aF'(e”)e”dfr + e"gfl'F’(re"")dtI

[E(s)l =

>1- |t9|[ae_25(1 - e_B)‘q

2 _ — -
r > lae~(3/2)B(1 —e A1 = em8? 2

>1—(|0]+|r - 1|)%a(1 — e Py

Then [F(s)| > if max(|8],|r — 1]) <2(1 — e #/?’a = y. Now let |s|

=1,s=e? 0 &[~nu] 0>y

|D(s5)] ='1 - élaksk Re(l - élaksk)

>

a,(1 —cos@) + kgzak(l —coskd)| > ay(1 — cosf)

so that if s = re”, 1 < r < min(e?#/%2), § €[~ 7], |8 > v, we have
B(s)] = 'cb(e"”) + eigfrq)’(teio)dt(
1

> a(1 —cosf)—3(r— Nae /%1 - e—ﬁ/Z)_2
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Therefore, if r — 1 <2(1 — e #/%%a,(1 — cosy),
|®(s)| > a,(1 —cosh)/2
Let
R= min(%(l - e‘ﬁ/z)z/a%(l - e‘ﬁ/z)zal(l - cosy),eﬁ/z,Z) (B9)

and let |s| = R, s = Re”, § €[— @, ). If |§] > v, then

‘d)gs) B lis < |<I)(1s)[ * lsg 1 < a,(1 —zcosy) * ( _C(l)sy)l/z
(B10)
If ol <y
1 o |_ 1+ oF(s) 1 1+ aF(s) |
‘Cb(s) T 1-=s ‘I s—1 | [E@) )—TT

On the other hand,

I—s =0 i=0
0 o0 o0
-3 (—o S c,)sk= S ds*
k=0 I=k+1 k=0

(where we have used the fact that 3% ;= —3%_ka, = — ¢~ ") with
|d,| < ae2P(1 — e~ F)~%e~F* Therefore for s = Re”, |0] < v:

[+ o]
< 2ae”%(1- e‘B)_2 > Rfe#
k=0

1 o
®(s) s—1

<20 P(1—e Ay 1—e BT (BN

From (B10), (B11) we have that if |s| = R,

1 _ o
B(s) s—1
—28
< max 1 + 1 » Zae
a,(1—cosv) (1- Cos_},)l/2 (- e—ﬂ)2(1 _ e—B/z)
=4 (B12)
Now, since
! 0= 3 (b~ o)t

o) s—1 &
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we obtain, denoting by Cj the circle with center O and radius R,

—el=l LAl o \-G+n
[6ic = of 2ari %R( O(s)  s—1 )s ds
1 1 g —(k+1
<=2 -2 (k+1)
27 RISy 51 ’R
< 8RF

that concludes the proof. W

NOTE

After this paper was submitted, J. Lebowitz made us aware of the

existence of an unpublished manuscript by O. Lanford, in which he
proves the analyticity of the free energy for one-dimensional systems of
particles with finite-range superstable interaction and the uniqueness of
the Gibbs state and the continuous differentiability of the free energy for
infinite-range superstable potentials decaying sufficiently fast [essentially as
r(Inr)~(2+9],
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